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Abstract
The two-players N strategies games quantized according to the Eisert-
Lewenstein-Wilkens scheme [1] are considered. It is shown that in the case of
maximal entanglement no nontrivial pure Nash equilibrium exists. The proof
relies on simple geometric properties of ”chiral” group SU (N)×SU (N) and
is based on considering the stability subgroup of the initial state of the game.
The explicit forms of neither the gate operator nor the payoff matrix are
necessary.
I Introduction
Since the appearance of the seminal paper of Eisert, Wilkens and Lewenstein [1],
[2] the theory of quantum games has been a subject of intensive research [3]÷[47].
Particular attention has been paid to the problem of non-classical Nash equilibria
[48]. Once the set of admissible strategies is selected, their existence and position
depend on the degree of entanglement of initial state of the game as well as the
form of payoff matrix.
The simplest and natural assumption concerning the set of acceptable strategies
is to admit all unitary ones. Our aim here is to show that, once such an assumption
is adopted, there exists no pure Nash equilibrium (except a trivial one) if the gate
operator yields the maximally entangled initial state. The proof is based on simple
group-theoretical considerations; neither the explicit form of gate operator nor that
of payoff matrix are necessary.
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II ELW games
Let us remaind shortly the main elements of ELW quantization of classical games
[1], [2]. We start with classical two-players two strategies game defined by the payoff
matrix
A \ B C D
C (r,r) (s,t)
D (t,s) (p,p)
On the quantum level one introduces two two-dimensional Hilbert spaces H ,
one for each player; the total space of the states of the game is H ⊗H . The basic
vectors in each Hilbert space are denoted by
|C〉 =

 1
0

 , |D〉 =

 0
1

 . (1)
The strategies of Alice and Bob are represented by unitary matrices UA and UB.
The final state of the game reads
|Ψf〉 =
(
J+ (UA ⊗ UB)J
) |C〉 ⊗ |C〉 (2)
where J is a reversible two-bit gate introducing quantum entanglement. Given |Ψf〉
one can compute the expected payoffs of both players. For example, the Alice payoff
reads
$A = rPCC + pPDD + tPDC + SPCD (3)
with Pσσ′ ≡ |〈σσ′|Ψf〉|2, σ, σ′ = C,D.
The key point is the choice of gate operator J . One demands the classical strategies
to be included into the quantum game; this yields
J = exp
(
−iγ
2
σ2 ⊗ σ2
)
(4)
with γ ∈ 〈0, pi
2
〉
.
The properties of the game depend on:
(i) the choice of payoff matrix
(ii) the value of the γ parameter
(iii) the choice of the subset S ⊂ SU(2) of admissible strategies UA,B.
In particular, if classical payoffs obey t > r > p > s, the Prisoner Dilemma
emerges on the classical level. Eisert et al. [1] have shown that for γ = pi
2
, with
the proper choice of S, new, genuinely quantum Nash equilibrium appears (which
is also Pareto optimal) allowing the players to escape the dilemma.
The existence of quantum Nash equilibrium depends strongly on the choice of
the subset S. In fact, it can be shown [7], [8], [36], [41] that for S = SU(2) (i.e. all
unitary strategies are admitted) and maximal entanglement, γ = pi
2
, to any strategy
of one player there exists an appropriate counter-strategy of the second one; as a
result no nontrivial Nash equilibrium exists.
As mentioned above, the value γ = pi
2
corresponds to the maximal entanglement of
the initial state
|Ψi〉 = J (|C〉 ⊗ |C〉) . (5)
Then the ELW game with all unitary strategies allowed has a number of specific
properties. Apart from the existence of cunterstrategy to any given strategy it
admits quaternionic description [36], [37], [41] as well as the the one in terms of
real Hilbert space [41]. All these properties are related to the fact that the stability
subgroup of the initial state is SU(2) [41].
Let us now consider the classical game between two players, each having N
startegies at his/her disposal. The payoff matrix for each player is now N × N
matrix. The game can be quantized following the ELW method. To each player we
ascribe the N -dimensional Hilbert space H . Let {|ei〉}Ni=1 be an orthonormal basis
in H . We put 〈ei|C〉 = δi1 and adopt eqs. (5) as a definition of initial state for
general N -strategies games; J is appropriately chosen gate operator. The final state
which, together with the payoff matrix, allows to compute the expected payoffs of
players reads, in analogy with eq.(2),
|Ψf〉 = J+ (UA ⊗ UB)J (|C〉 ⊗ |C〉) (6)
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where now UA, UB ∈ SU(N) are the strategies of Alice and Bob; we make again the
natural assumption that S = SU(N) is the set of allowed strategies.
The main point is again the choice of the gate operator J [49]. As in the N = 2
case we assume that the classical strategies are included into quantum scheme.
Moreover, to leave as much freedom as possible for the choice of J it is further
assumed that the matrices representing classical strategies commute. As a result,
J depends on some, in general arbitrary, parameters γi,
J = J
(
γ
)
; (7)
actually, the number of γ parameters is
(
N
2
)
and, allowing some unitary rotation
of the vector |C〉, one can represent J as an exponent of linear combination of
symmetrized tensor products of the Cartan subalgebra elements [49]. The explicit
form of J (γ) will be not needed in what follows.
III Nonexistence of Nash equilibria in the maxi-
mally entangled case
Let us assume that the parameters γ are adjusted in such a way that the initial
state (5) is maximally entangled. We put
|Ψi〉 = J
(
γ
)
(|C〉 ⊗ |C〉) ≡ Fij |ei〉 ⊗ |ej〉 (8)
where the summation over repeated indices is understood. The matrix F is sym-
metric as we are considering symmetric game. The corresponding density matrix
reads
ρi = |Ψi〉 〈Ψi| . (9)
The state described by ρi is maximally entangled if the reduced density matrices
are proportional to the unit matrix [50]
TrAρi =
1
N
I, TrBρi =
1
N
I. (10)
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Eqs. (10) imply
FF+ =
1
N
I (11)
i.e. the matrix F˜ ≡ √NF is unitary.
Let us apply the unitary transformation UA ⊗ UB to |Ψi〉;
(UA ⊗ UB) |Ψi〉 =
(
UAFU
T
B
)
ij
|ei〉 ⊗ |ej〉 . (12)
By virtue of (8) the invariance of the initial state implies
UAF˜U
T
B = F˜ . (13)
The general solution to eq. (13) reads
UA = U
UB = F˜UF˜
+.
(14)
where U ∈ SU(N) is arbitrary.
We conclude that the stability subgroup of |Ψi〉 is, up to an automorphism, the
diagonal subgroup of SU(N) × SU(N). The Lie algebra of this subgroup induces
the symmetric Cartan decomposition of su(N)
⊕
su(N).
The coset manifold SU (N)× SU (N) /diag (SU (N)× SU (N)) is isomorphic, as a
manifold (but not as a group!), to the SU(N) manifold. This allows us to write
out a useful decomposition of any element of SU(N) × SU(N). Explicitly, let
U1, U2, V ∈ SU(N) be arbitrary; then (cf. Ref. [41])
(U1, U2) =
(
V, U2F˜U
+
1 V F˜
+
)(
V +U1, F˜ V
+
U 1F˜
+
)
. (15)
The above equation has the following interpretation. Assume Alice chose an
arbitrary strategy V ∈ SU(N). Let (U1, U2) be a pair of strategies leading to the
expected payoff desired by Bob. By noting that the second term on the RHS of
eq. (15) belongs to the stability group of |Ψi〉 we conclude that U2F˜U+1 V F˜+ is the
relevant counterstartegy to the Alice strategy V .
As a result, there is no equilibrium in pure strategies unless among N2 classical
strategy pairs there exists one leading to an optimal outcome for both Alice and
Bob [36]. In this sense the pure-strategy equilibria are trivial.
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